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Abstract
Measurements have been made o f the drag on a thin disk o f diameter d moving 
broadside through a liquid o f viscosity {i, and density p. The liquid is bounded on the 
outside by a cylindrical tube, diameter D, which is coaxial with the disk. The 
geometrical parameter ^=d/D ranges from 0.0189 to 0.112. The Reynolds number 
Re=pUd/|i ranges from 0.0167 to 6.89. When the measured values are extrapolated to 
Re=0, the results agree with the calculations o f Shail and Norton. When extrapolated to 
E,=0, the results agree with the matched-asymptotic series solution o f Breach for Re<l. 
Comparison o f the experimental data to a new theoretical result, that is based upon the 
Oseen approximation and that includes both inertial effects and boundary effects, shows 
agreement over the range 4^<Re<0.62 as long as ^<0.05. An empirical scheme is 
developed to represent our measurements for Re<5 and ^<0.13. Comparison is made 
between our results for the drag on a disk and the results o f Sutterby for the drag on a 
sphere.
vui
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Chapter 1 
Introduction
A. Statement o f the problem
Consider the problem illustrated in Figure 1.1. A  cylindrical tank o f diameter D 
and length S is filled with a homogeneous, incompressible, Newtonian flu id (i.e., one in 
which the stress is linearly related to the rate o f strain) o f viscosity p, and density p. A 
solid circular disk o f diameter d and thickness t is coaxial with the cylinder and moving 
along its axis w ith constant velocity U. The Reynolds number. Re, to be defined in the 
next section, is in the range o f 0.0167cRe<6.89. This study concentrates on the wall’s 
effect on the drag experienced by the disk and the correction due to the non-zero inertial 
forces.
B. Theoretical and experimental background
1. The equations o f flu id motion
The fluids used in this study were incompressible, Newtonian fluids. Newtonian
fluids are those which have a stress-strain relation that obeys the equation
Tjj = -P ôÿ +2|ie jj +Xeyj5jj. ( I . l)
Here, xÿ is the stress tensor, P is the pressure, j i  and X. are the viscosity coefficients, eÿ
-, \




, and eick is the trace o f this tensor and is equal
to the rate o f fluid expansion, V • V, where V is the fluid velocity and V is the spatial 
derivative operator (divergence operator). The viscosity coefficients are assumed to be 
independent o f spatial coordinates, but are functions o f temperature and pressure. 
Newtonian fluids also obey the continuity equation
É P + p ÿ .v  = 0 . ( 1 .2 )
dt







Notation for a Disk Moving through a Circular Cylinder
The continuity equation is an equation o f mass conservation with p being the fluid 
density, and V again being the fluid velocity vector. For an incompressible fluid, 
dp/dt=0 , and thus the continuity equation reduces to
V -V  = 0. (1.3)
2. The Navier-Stokes equations and the Reynolds number
For incompressible Newtonian fluids, the equations o f motion are given by
9V
+ P(V • V)V = -VPo + iiV ^V  + Fgxt., (1.4)
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which are the Navier-Stokes equations. Here V = V (r,t) is the velocity at position r at 
time t and Po=P( r,t) the pressure at position r at time t. The pressiu-e forces (-V P ^) 
and the viscous forces (|iV ^V ) are classified as surface forces because they act on the 
surface o f a fluid element. Fg^t. represents all external forces per unit volume acting on 
the fluid and is classified as a body force. The terms on the left side o f Eq. (1.4) are 
called the inertial terms because they express the rate o f change o f momentum per unit 
volume o f a fluid particle, i.e. they relate to the flu id ’s inertia. I f  the flow is steady, 
then the unsteady term 9 V/9t=0. For the current problem the external force, F exl. is 
only the gravitational force and can therefore be written as the negative gradient o f a 
scalar potential function. We combine this with the pressure term and write it as a 
single function called the modified pressure. Using this substitution along with 
dropping the unsteady term, we get the equations
p( V  • V) V = -  VP + ̂ iV^V, ( 1.5)
where P is the modified pressure term. Here we can see that the equations consist of 
three terms. From left to right, we have the inertial term, the pressure term and the 
viscous term.
The Reynolds number. Re, is defined to be the product o f a characteristic 
velocity o f the flow, U, the density o f the fluid, p, and a characteristic length o f the 
flow, d, divided by the dynamic viscosity of the fluid, p., that is, Re=pUd/p.. It is a 
dimensionless parameter that is often used to characterize a flow. One way to interpret 
the Reynolds number is that it is the ratio o f the inertial forces to the viscous forces. 
Hence, we see that i f  the inertial forces are small and viscous forces dominate, the 
Reynolds number wül be small. Conversely, i f  the viscous forces are small compared 
to the inertial forces, the Reynolds number w ill be large. When the Reynolds number is 
much less than one, the Navier-Stokes equations can be further reduced to give the 
Stokes equations.
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3. The Stokes equations and some available solutions
I f  the inertial terms are completely ignored, then the equations o f motion become
0 = -V P  + u.V^V. ( 1 .6 )
with the continuity equation (1.3). Equations (1.6) are called the Stokes equations 
because it was Stokes^ who first investigated these equations and found their solution 
for the motion o f a sphere in such a flow. These equations can be used as an 
approximation to the fu ll Navier-Stokes equations whenever the Reynolds number is 
much less than one. This is then called the Stokes approximation and the resulting fluid 
flow is called Stokes flow (or creeping flow). Happel and Brenner^ discuss this subject 
in detail for various geometries. One o f the quantities that is o f interest in many cases 
is the drag on a particle that is placed in the flow. Stokes’ original solution gives the 
drag on a sphere o f radius a moving with constant velocity o f magnitude U in an 
unbounded fluid. The result is the famous Stokes drag for a sphere
Eg = 6 7 tp.aU. (1.7)
Similar solutions for particles o f many different geometries have been obtained. The 
following sections, though not exhaustive, give the results for many common geometric 
shapes and the investigators who are credited with their discovery.
a. Spheroid
Oberbeck^ treated the case for a general ellipsoidal body moving in a fluid. His 
results are given in the form of integrals over the body that can be used for any 
ellipsoidal shape. He uses this general result to calculate the drag on a prolate spheroid 
which is an example o f an ellipsoid o f revolution. He finds the drag on the prolate 
spheroid when it is moving in the direction o f its semi-major axis a to be
(a "+ c^)ln
a -c .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
where c is given by c = a -  b , b being the semi-minor axis of the spheroid. His 
results can also be used to find the drag on an oblate spheroid. Such a calculation has 
been done by Happel and Brenner'̂  with the result
Fs=  (1.9)
ac4-(c^ -a ^)ta n  *
where again c = a -  b . I f  in this equation we let b approach zero, the object 
becomes a disc o f zero thickness.
b. Disk
For a disk o f zero thickness moving broadside, the Stokes drag can be computed 
from Eq. (1.9) for the oblate spheroid to give the result
F; = 16p.Ua (1.10)
for a disk o f radius a and zero thickness, or i f  we use the disk diameter d the result 
becomes
Fs=8nUd. (1.11)
This result was derived directly by Sampson^ using a completely different approach.
As a final application o f Oberbeck’s solution, the drag on a disk o f diameter d 
and zero thickness moving edgewise (i.e., symmetry axis perpendicular to the direction 
o f motion) has been shown by Lamb^ to be
P s ^ l 6 ^  ( 1 . 1 2 )
These are the simplest geometries for which Stokes drags have been determined
analytically. The cylinder o f infinite length moving with its axis perpendicular to the
flow does not have a Stokes drag. This is known as Stokes’ paradox.
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c. Other shapes
The Stokes drag fo r various other shapes has been calculated. The results w ill 
not be given here, but reference w ill be given to the authors who have worked on the 
problems. The drag on a hemispherical cap has been found by Collins.^ The drag on a 
closed torus has been found by Dorrepaal, et. al.* and an open torus by Majumdar and 
O’Neill.^ Thus, the Stokes drag can be calculated for many objects, but in reality the 
Stokes drag serves only as a first approximation to the true drag. This is because the 
particle is never moving in a completely unbounded fluid and most o f the time the 
Reynolds number, though small, may not be small enough to ignore inertial effects. In 
the next sections we w ill deal with each o f these effects, first separately, and then 
simultaneously.
4. Inertial effects alone
In this section we consider the effect o f including the inertial terms to some 
degree. We w ill look at three geometries. First we consider the sphere, then the 
spheroid, and finally the disk o f zero thickness. For each case, the actual drag has been 
made dimensionless by dividing by the Stokes drag for that geometry.
a. Sphere
The first case to be considered in extending Stokes’ solution to a more physical 
regime was attempted by W hitehead in  1889. He tried to use a perturbation scheme 
to get a first order Reynolds number approximation to the Stokes result. His approach 
was to keep the fu ll Navier-Stokes equations and use the Stokes solution as a zeroth 
order approximation to the solution. He was able to find a solution that matched the 
boundary conditions at the sphere, but the behavior o f the solution was not correct at 
infinite distances from the sphere. Moreover, the second order solution that is found in 
this way becomes infinite at infinite distances from the sphere rather than zero. The
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
problem was later resolved by Oseen in 1910 using a linearization technique to 
attempt to deal with the non-linear term in the Navier-Stokes equation. His result gives 
the drag on the sphere to first order in the Reynolds number to be
—  = 1 + — Re+0(Re^), 
F, 16
(1.13)
where Re is the Reynolds number based on the sphere diameter.
Additional work by many different people has produced results to higher order in 




This result was taken one step further by Chester and Breach to give the next higher 
approximation. This result is






8 i T j
14where y=0.57721 is the Euler-Mascheroni constant. A  third result is due to Goldstein 
who used an infinite series technique to solve the Oseen equations. His value for the 
drag is
Fs 16 1280 20480 34406400 560742400
where again Re is the Reynolds number based on the sphere diameter. Sutterby states 
that although Goldstein’s approximation is to higher order in Re, Proudman and 
Pearson’s approximation fits the experimental data over a wider range o f values. 
However, neither fits the data very well beyond Re=0.6.
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b. Spheroid
The next geometry to consider is the spheroid. Breach has extended the Stokes
solution for the prolate spheroid to higher order in Re to give
where here Re=2aU/v, a being the semi-major axis, and v=p/p being the kinematic 
viscosity. Here B is given by
- 2 a^c
a —cy
and c is given by c^ = a^ -  b^,b being the semi-minor axis. Likewise, Breach gives 
the result for the oblate spheroid moving w ith its symmetry axis parallel to the direction 
o f motion to be exactly the same as Eq. (1.17) but with B given by
I 2 c^
B = --------------   (1.19)
abc + a(c" — b"jtan j
Fitter, et al.^^ have made numerical calculations for spheroids o f axis ratios 0.05 
and 0.2 and Reynolds numbers between 0.1 and 100. Their results are said to agree 
with available experimental results in this range. In addition, they develop an empirical 
formula for the drag on thin oblate spheroids and disks
—  = 1 + 0.138 Re°-’ ^^, (1.20)
Fs
which they claim works well in the range o f 1.5^e<100.
c. Disk
Breach also considers the lim iting case for the oblate spheroid where the semi­
minor axis b approaches zero. In this lim it, c—>a and the spheroid becomes a disk of 
zero thickness. Equation (1.17) then becomes
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
5k
(1.21)
where the Reynolds number has now been based on the disk diameter d rather than its 
radius a. There have not been any comparisons of experimental data to this equation as 
o f this time.
5. Boundary effects alone
In addition to extending the Stokes solution to non-zero values o f the Reynolds 
number, there have been many researchers who have solved the Stokes problem for 
bounded fluids. We again consider the three cases o f a sphere, spheroid and disk of 
zero thickness.
a. Sphere
An extensive treatment o f the drag on a sphere immersed in a flu id flow in 
variously shaped containers can be found in Happel and Brenner’s book.^* We only 
give the relation for a sphere of radius a sedimenting in a circular cylinder o f radius 
Rq. That relation is
„  \  /  \3 /  \5F
fT
/















Similar calculations have been done by Wakiya*^ for the spheroid moving 
between two parallel walls and along the axis o f a circular cylinder. He has found the 
drag on a spheroid of radius c moving in a circular cylinder o f radius ro to be
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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F 1
F ~ 1 f  _ 2  2  Y  (1-23)
'  1 ------ 7—  - J 5 .6 I1 2 -2 .0 2 I l\ - 3 .5 4 3 I^
r„(Ki+a^L,)(, r j r?J
where the spheroid satisfies the equation — 4--:^ +  — = 1 and the spheroid moves 
along the x-axis. In Eq. (1.23), K i and L i are given by the following integrals:
« ds
l(a ^ + s )(c ^ + s y (a ^ + s )
This is an approximate solution to the exact problem and some of the integrals
evaluated to get Eq. (1.23) were done numerically. An alternate method is given by 
'50Happel and Brermer” which calculates the drag on a sphere that is "equivalent" to the 
spheroid. Either o f these methods can be used to find the drag on a disk o f zero 
thickness in the lim it a=0 .
c. Disk
In the lim it a—>0, Wakiya’s solution for the spheroid reduces to
F 1
F "  c c ^ ’
 ̂ 1 — 1.7861— I-1.1278—̂
^ 0  fo
(1.26)
where c is the disk radius and ro is the cylinder radius. This could have been 
equivalently written in terms of the diameters o f the objects by replacing c with the disk 
diameter d and ro with the cylinder diameter D. Here we define the dimensionless 
quantity ^=d/D which w ill simplify many of the equations involving the boundary 
effect. Shail and Norton solve this problem by using a series approximation to the 
side wall effect and find the drag to be
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I l
—  =1 + 1.7864^ + 3.1912^^ +4.5728^^ +6.15788^'^ +7.6425^^+ 9.1900Ç®. (1.27)
Fs
They have also obtained numerical results that are valid up to ^=0.8.
Trahan, et al.,^^ have shown that an additional empirical term can be added to Wakiya’s 
result that gives agreement with the numerical result o f Shail and Norton up to a value 
o f ̂ =0.8 to within 0.5%. This equation is
_F  _____________1____________
~ 1 -1.7861^ +1.1278^^ -0.3582^^ '
Shail and Norton claim their results to be in good agreement with the experimental
results o f Squires and Squires for the broadside motion o f the disk. The data o f
Squires and Squires is in the range 0.02<Re<54.5 for three values o f namely
^=0.079, 0.106 and 0.161. Some o f the calculated results given by Squires and Squires
are incorrect based on the raw data given. The corrected values are given in Appendix
A, Table A. 1. Although these corrected values are equal to the original results o f
Squires and Squires for every value o f the agreement with Shail and Norton can still
be established as is shown in Appendix A, Figure A .I.
6 . Combined inertial and boundary effects
The final step in this progression towards reality is made by considering both 
inertial and boundary effects at the same time. There is only a limited amount o f work 
available on this subject. The only known source o f information about the 
sedimentation o f spheres that considers both inertial and side wall effects is the 
previously mentioned experimental work o f Sutterby.^"  ̂ His results are presented in the 
form of a table that correlates the dimensionless drag, the Reynolds number, and the 
ratio o f the sphere diameter to the diameter o f the cylinder in which it falls. His results 
cover the range of parameters 0<d/D<0.13 and 0 ^e 6 4 .
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Cox and Brenner^ deal with the motion o f a sphere approaching a plane wall in 
a semi-infinite fluid. Their results are given in the form o f an equation for the 
dimensionless drag in the lim it o f small gap widths from the plane boundary as
_L 1
F s ~ e
1 + — ^ 1  + —Re |£ln£ (1.29)
where e is the distance from the sphere to the wall, made dimensionless by the sphere 
radius b, i.e., by the gap width. Lasso and Weidman^^ have made experimental studies 
on hollow cylinders and spherical conglomerates that consider both wall and inertial 
effects. They used the results o f Sutterby to adjust their data for inertial and wall 
effects. Also, the settling o f dendrites has been studied experimentally by Zakhem, et. 
al.^^ and numerically by de Groh, et. al.^* including both inertial and wall effects. The 
numerical work used the experimental results to empirically find correction factors for 
the wall and inertial effects and then used these factors to find the settling velocity for 
similar shapes. This is the extent o f the known work that considers both inertial and 
wall effects simultaneously.
7. The present experiment
In the present experiment, we consider the inertial and side wall effects on the 
motion o f a thin disk moving with its axis o f symmetry coaxial with the axis o f a 
circular cylinder. The experiment covers the range o f ̂  values from 0.0189 to 0.112 and 
Re values from 0.0167 to 6.89. The results agree well w ith all previously published 
results for the infinite fluid and zero Reynolds number cases. In addition, the 
experimental results agree well over a lim ited range o f ̂  and Re values with the new
'7Q
theory developed by Davis." This theory is reproduced with permission in 
Appendix D. Finally, it is shown that the results for the disk are remarkably simpler 
than those for the sphere.
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Chapter 2 
The Experiment
A. Mcihod o f measiiremeiiî
The terminal velocity o f settling disks was measured by a time o f flight method. 
The time o f fligh t between two focused laser beams was measured photo electrically. 
The experiments were performed in a glass container o f square cross section filled with 
a viscous silicone oil. Cylindrical tubes o f varying diameters were inserted at the center 
of the tank to provide a cylindrical boundary for the motion. The disks were released 
mechanically from rest just under the surface o f the fluid. The complete experimental 
setup is shown in Figure 2.1.
B. Materials used in the experiment
1. Tank and cylinders
The tank had a square cross section o f side length 25.7 centimeters (cm). The 
depth o f the tank was 50 cm. The tank had glass sides and a plain glass bottom so that 
the cylinders fit smoothly and flatly against the bottom. Three o f the cylinders used in 
the experiment were made of Pyrex glass. These cylinders had diameters o f 5.118,
9.044, and 13.391 cm. The uncertainty in the diameters was 0.003 cm. The fourth 
cylinder was made from a sheet o f fiberglass that was bent into the shape o f a cylinder of 
diameter 23.6 ±0.1 cm. Each cylinder extended above the surface o f the fluid and fit 
squarely against the bottom. The glass cylinders were each held in place at the top by a 
plastic centering plate. The centering plate was made in the form of a square with 
rounded comers and with a hole the size o f the cylinder in the middle. Before the 
comers were rounded, the square was exactly the same size as the inner dimensions of 
the tank, but because the tank had a ledge on the top rim, it could not be inserted into the 
tank.
13
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Figure 2.
Complete diagram of the experimental setup
By rounding the comers to a size less than the cross section o f the tank, the plate could 
be inserted into the tank easily when the comers were pointing towards the tank faces. 
Once the plate was below the top ledge o f the tank it could be rotated ninety degrees so 
that the plate fit snugly against the tank walls. This plate performed two functions. It 
kept the cylinder stationary and centered in the square tank.
2. The fluid
The fluids used were Dow-Coming 200 dimethylpolysiloxane silicone oils. 
Three different kinematic viscosities were used. These viscosities measured as a 
function o f temperature, T, in degrees Celsius, are well represented by the equations 
below:
Vioo = 100.63(1-0 .0 1 9 7 (T -24)+ 2.43x10^ ( T - 24)^}—  (2.1)
s
V4go =460.86(1-0 .0 1 9 5 (T -24) + 2 .6 7 x lO ^ (T -24)"}—  (2.2)
s
2
V3 7 4 1  =3741.4(1-0 .0 1 9 8 (T -24) +2 .48xlO“^ (T -2 4 )^ }— . (2.3)
s
These equations show that the temperature behavior o f the viscosity for each of the 
fluids is almost identical. The two higher viscosity fluids were obtained by mixing 
appropriate quantities o f available fluids together. The lowest viscosity fluid, v q̂q, was
directly obtained from the manufacturer. It has been shown^^ that the different 
viscosities wUl mix well together to give any desired viscosity.
The viscosity o f the two higher viscosity fluids was measured with a Cannon- 
Ubbelohde viscometer o f appropriate size. The lower viscosity fluid was measured 
with a Carmon-Fenske Routine viscometer o f appropriate size. The viscosity 
measurements were repeatable to better than 0 . 1  percent, but the absolute viscosity is 
known only to approximately 0.25 percent due to the uncertainty in the standard of 
viscosity.^ ̂  The temperature was controlled by immersing the viscometer in a constant 
temperature bath that allowed variation o f the temperature over the range o f 2 0 ° to
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30°C. The temperature was controllable to approximately 0.05°C and was constant to 
w ithin measurable limits throughout a given measurement. The temperature was 
measured by a mercury in glass thermometer with a smallest division o f 0.05°C.
The density o f the flu id was also found to vary with temperature. The densities
3
in g/cm o f the fluids are well represented by the equations below:
Pioo =0.9659(1-8.45xlO “^ ( T - 24) +1.12x10"^ ( T - 2 4 )2 }-!^  (2.4)
cm
P4 0 0  = 0.9668(1 -  8.89x10-^ (T -  24) +  3.22xlQ-^(T -  2 4 ) ^ } - ^  (2.5)
cm
P3 7 0 0  =0.9702(1-8.46x10"^ ( T - 24)+ 8.70x10"^ ( T - 2 4 ) ^ } - ^ .  (2.6)
cm
The density was determined by measuring the force on a plummet o f known 
mass and volume while submerged in the fluid and comparing this with the force on the 
plummet when in air. The measurements were made using a balance w ith an accuracy 
o f 0.1 milligrams. The fluid was in a constant temperature bath whose temperature was 
varied from approximately 15° to 30° Celsius. To check the accuracy o f this method, a 
pycnometer was used to measure the density at a single temperature. The results o f the 
two measurements were found to agree to within 0 . 1 %.
3. The holder-dropper mechanism
The holder mechanism can be seen in position in Figure 2.1, and in detail in 
Figure 2.2. The dropper mechanism was a variation o f a mechanism that was originally 
developed by Good. The dropper was constructed on an aluminum mounting ring 
that had three screws that served as adjustable contact points for mounting the dropper 
on the top o f the tank. The mechanism consisted o f a spring loaded camera shutter 
release that was connected through a series o f gears to four small stainless steel wires 
that actually held the disk. These wires traveled from the gear system through stainless 
capillary tubing into the fluid where they were bent at a right angle to form a “ plus”  
shaped holding platform. When the camera mechanism was activated, these wires











Detailed drawing o f the holder/release mechanism
spun out from under the disk simultaneously and thus released the disk in a horizontal 
position. It was found that i f  aU o f the wires were identical, at right angles to each 
other, and bent so that they were all in the same plane, then the disk would fall 
horizontally when released. The mechanism was constructed so that it can 
accommodate any object that is less than approximately 3 cm in diameter.
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18
4. The disks
The disks used in this experiment were all cut from sheets o f metal that were the 
desired thickness and then machined on a lathe until they were the proper diameter.
The disks were beveled on one side so that the cross section was trapezoidal rather thap 
rectangular to minimize the effects o f disk thickness on the drag. This was done as a 
result o f the work o f Trahan, et al., who showed that the dependence o f the drag on 
disk thickness in Stokes flows is reduced considerably by beveling one edge, but the 
extrapolation o f the drag to zero disk thickness was unchanged. Table 2.1 gives a list of 
the dimensions for all the disks used in the experiment.
Both large and small diameters are given as well as thickness and mass. The 
disks are labeled in the form of letter, letter, number. The first letter gives the disk 
composition whether aluminum (A), brass (B), copper (C), magnesium (M) or stainless 
steel(S). The second letter designates whether the disk was thick (k) or thin (n) relative 
to the disk diameter. The number corresponds to the approximate diameter o f the disk 
in millimeters (mm). As seen in the table, the thick disks had thickness to diameter 
ratios o f approximately 1:4 whereas the thin disks had ratios o f approximately 1:10 or 
less, except for An5, which was 1:5.
The disk parameters were measured to the accuracies given by making repeated 
measurements o f each quantity. The masses were each measured three or more times 
using a balance accurate to 0.1 milligram for the 10 mm disks and a balance accurate to
0.01 milligram for the 5 mm disks. The diameters were measured optically. The 10 
mm disks were measured using a traveling microscope accurate to 0.03 mm and the 5 
mm disks were measured using a measuring engine with an accuracy o f 0.01 mm. Each 
diameter given in Table 2.1 above is an average o f eight measurements. Thicknesses 
were measured with a micrometer caliper with an accuracy o f 0.003 mm.














AklO 1.004+0.001 0.50710.001 0.256210.0001 0.338310.0001
CklO 1.014+0.001 0.53110.001 0.245310.0001 1.059510.0001
CnlO 1.005±0.001 0.79210.001 0.114310.0001 0.645410.0001
MnlO 1.016±0.001 0.89510.001 0.063210.0001 0.078910.0001
An5 0.445510.0028 0.288810.0003 0.090210.0003 0.0257510.00002
Bn5 0.448410.0024 0.378110.0005 0.039210.0001 0.0448310.00004
Cn5 0.519410.0007 0.435110.0002 0.047010.0003 0.0742110.00003
Mn5 0.520910.0005 0.409510.0003 0.064710.0001 0.0189510.00002
Sk5 0.503410.0004 0.358110.0002 0.079010.0001 0.0448310.00004
5. The laser and timing mechanism
The time o f flight was measured by detecting the passage of the disk between 
two focused laser beams. As seen in Figure 2.1, the beam o f a Uniphase Model 155SL 
(or equivalently, a Spectra-Physics Model 155) laser passed through a beam expanding 
telescope and was then brought to a fine focus at the mid plane of the fall by a lens (A) 
approximately 21 cm below the surface o f the liquid. The beam spread angle was less 
than one degree at maximum focus where its diameter was less than 0.2 mm. The re­
expanding beam was then collimated by lens (B) and reflected downward 
approximately 5 cm by an Aerotech Model 195 front-surface reflecting, adjustable 
beam director and then was reflected back towards the tank. It was re-focused by lens
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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(C) to the mid plane o f the fa ll region 4.686±0.G03 cm below the in itia l beam and 
approximately 21 cm above the bottom o f the tank. The beam was once again focused 
onto a photo diode by a pair o f lenses (D). This photo diode was part o f the trigger- 
amplifler circuit shown in  Appendix B.
When the disk passed through either the top or bottom beam, the trigger circuit 
sent a pulse to the counter. The counter was a Hewlett Packard Model 5315B Universal 
Counter that had a resolution o f 0.1 jisec. The counter was set so that the first pulse 
started the timer and the next pulse stopped it. Thus, the time between the beam 
crossings was accurately measured. These times ranged from 0.3684 to 21.4714 sec. 
and were typically reproducible to 0.2 percent or less.
The beam separation was measured mechanically with an extension arm 
connected to the vertical rack and pinion mechanism of a traveling microscope. The 
extension arm was a brass rod of 0.46 cm diameter, 76 cm long as shown in 
Appendix C. A t the lower end o f the rod another piece was added to make the form of 
a lower case letter h. A  copper wire o f diameter 0.014 cm was attached between the 
legs o f the rod under a small amount o f tension. This wire was then positioned in the 
beam to locate the focal points. This system was also used to assure that the beams 
were horizontal. The beams were kept horizontal to within 0.1% over the region o f the 
tank. The separation was checked several times throughout the procedure to insure that 
nothing had changed. Since the beam separation and time o f flight are given by this 
system, one can calculate the desired quantity, the disk velocity.
It was observed that the disk was stable when it was dropped with its small face 
oriented towards the bottom of the tank. However, i f  the small face was oriented 
towards the top o f the tank, the disk would often tilt and then rotate about a horizontal 
axis until the small face was down. This flipping behavior is illustrated in Fig. 2.3.
The tendency to flip  over increased with decreasing Reynolds number and with
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increasing thickness. The disk usually returned to near the center o f the tank i f  the 
bottom boundary was not reached first.
21
Figure 2.3
Illustration of the observed motion o f the disk turning from an unstable orientation to a 
stable orientation.
There is a simple model to account for this orientational instability. Consider the disk 
with a tapered edge to be a composite o f two disks, one with average diameter d i and 
the other with average diameter d% >d% as shown in Fig. 2.4. Since the drag is 
proportional to the diameter, the drag F2 on the larger disk exceeds the drag F i on the 
smaller disk. When the smaller disk is on top and the composite is tilted, the result is a 
destabilizing torque. Once the disk is tilted, it drifts to the side because the edgewise
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
drag is less than the broadside drag. When the larger disk is on top, the resulting torque 
tends to restore the composite figure to a horizontal position. Although the reversibility 
o f Stokes flows implies that both o f the horizontal orientations have the same drag, it 




Speculation about the forces causing the instability.
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Chapter 3 
Results
The results o f our experimental measurements are given in Table 3.1. The 
dimensionless drag K=F/Fs approaches one as Re and %=d/D approach zero. Therefore, 
we w ill use K-1 for simplicity. Each data point listed is the average o f at least five 
trials. The table contains the disk label, the values of dimensionless drag K-1, the 
Reynolds number, and ^ for each combination o f disk, outer cylinder and fluid 
viscosity. Figure 3.1 shows the values o f K-1 plotted versus The data have been 
grouped according to values of and assigned a symbol. These symbols are listed in
Table 3.2. An average value o f each corresponding to a symbol, has been used for all 
calculations. The experimental results in Fig. 3.1 are bounded below by the theoretical 
curve o f Shail and Norton,^' Eq. (1.27), which is shown as the solid curve. Values 
obtained by linear extrapolation of the data to zero Reynolds number at constant Ç are 
represented by the open circles in Fig. 3.1. These values agree well with the Shail and 
Norton curve. Trahan, et al.,^^ made Stokes flow measurements with disks and found 
agreement with the Shail and Norton values when their results were extrapolated to zero 
disk thickness. Thus, the Shail and Norton result is well established as representing the 
boundary effect at zero Reynolds number for a disk o f zero thickness.
Recent theoretical work has been done that includes both inertial and boundary 
effects for the drag on a disk.. These theoretical calculations are also included in 
Appendix D. Equation (D.12) is compared with experiment in Fig. 3.2(a)-(d). The 
dimensionless drag was calculated from the results in Table D .l at the experimental 
values o f ̂  and various values of Re. Examination o f the data indicates that Eq. (D.12)
,1-1
K = i - B î
2tc
l  +  ̂ R e jA (k )d k | (D.12)
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Disk Label K-1 Re ^=dÆ)
An5 0.19594 0.08253 0.08705
An5 0.28375 1.58616 0.08705
Bn5 0.20691 0.19982 0.08762
Bn5 0.43704 3.42314 0.08762
Sk5 0.23897 0.38649 0.09836
Sk5 0.63780 5.98207 0.09836
Cn5 0.24169 0.32577 0.10148
Cn5 0.58268 5.16620 0.10148
Mn5 0.23825 0.04177 0.10178
Mn5 0.26986 0.83780 0.10178
AklO 0.31178 1.18220 0.11107
Cn5 0.39637 2.85756 0.11112
CklO 0.50249 4.36127 0.11215
MnlO 0.24571 0.17919 0.11231
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Table 3.2.












agrees well with the experimental results as long as ^<0.05 and
4^ < Re <0.62. (3.1)
The lower lim it on Re is equivalent to P=Re/(2d/D)=2 (from Appendix D), which is 
consistent with the theoretical condition P=0(1) or larger.
Figure 3.3 is a plot o f a ’  ̂versus Re, where a  is defined by Eq. (D.13). The 
experimental values o f a*  ̂ approach a straight line given by
a"^ =7.675+1.421 Re. (3.2)
Careful examination o f the experimental values, plus additional analysis to be described 
subsequently, suggests that the criterion for the validity o f Eq. (3.2) is
Re > 33^°'^^. (3.3)
When Eq. (3.2) is substituted into Eq. (D.13) the following equation for the
dimensionless drag is obtained:
K - l  = --------- —--------- . (3.4)
7.675+ 0.421 Re
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Figure 3.1
A plot of the experimental values of dimensionless drag K-1 versus the geometrical 
parameter ̂ =d/D. The symbols are identified in Table 3.2. The open circles represent 
the zero-Reynolds number lim it o f the data for constant The curve is the Stokes flow 
result of Shail and Norton, Eq. (1.27).












































Comparison between the theoretical results [dotted curve, obtained from Eq. (D.12)] 
and the experimental results (symbols) for four different values o f The straight lines 
are least-squares linear fits to the data which are forced to pass through the Shail and 
Norton value at Re=0.










A plot o f the values o f 1/a [obtained from Eq. (D.13)] for the experimental data versus 
Reynolds number. The filled in circles are values for which Re>33çO-̂ ’̂ . The straight 
line is Eq. (3.2).
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Equation (3.4) is plotted versus Re in Fig. 3.4, along with the empirical curve o f Fitter, 
et al.̂ ^ and all o f the known experimental results that satisfy Eq. (3.3). The 
experimental values o f Squires and Squires,^ Schmiedel,^^ and W illmarth, et al.,̂ '̂  as 
well as the present results, are in reasonable accord with Eq. (3.4). Fitter’s empirical 
equation, Eq. (1.20), is also consistent with Eq. (3.4). Comparison o f Fitter’s equation 
with Eq. (3.4) at higher Re indicates that the upper lim it o f validity o f Eq. (3.4) is 
approximately Re=10.
Moreover, as Re->0, the values obtained from Eq. (3.4) are in surprisingly good 
agreement with the matched-asymptotic series solution o f B rea ch in  Eq. (1.21) as 
shown in Fig. 3.5. Also shown in Fig. 3.5 are experimental values at fixed Re 
extrapolated to ^=0. These values show that Breach’s solution agrees well with 
experiment up to Re=l, and in that range is an improvement over the Oseen solution, 
K-l=Re/(27r). Similarly, for the drag on a sphere, the matched-asymptotic series 
solution of Froudman and Fearson,*^ Eq. (1.14), agrees well with experiment up to 
Re=l and in that range is an improvement over the Oseen solution.^^ Therefore, in Eq.
(3.4) we have found a simple empirical equation that agrees with experiment [subject to 
the condition expressed in Eq. (3.3)], matches the theory o f Breach at low Re, and 
matches with the empirical result o f Fitter, et al., at higher Re (-10).
The data for 0<Re<33^°’̂  ̂are shown in Fig. 3.6. In this range, the values of K 
are proportional to Re (see also the data shown in Fig. 3.2). Therefore, the results can 
be expressed in the form
K = KsN+SRe, (3.5)
where is the Shail and Norton value and S is the slope o f the K-1 versus Re line. 
Experimental values o f S are shown as solid circles in Fig 3.7. At the upper end of the 
straight lines in Fig. 3.6, the lines appear to be tangent to the curve representing 
Eq. (3.4). Therefore, the following overall picture emerges. For a fixed value of 
^=d/D, as Re—>0, the values o f the dimensionless drag approach the Shail and Norton
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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3.
Present Data Re<10 
Present Data Re>lO 
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Figure 3.4
A comparison between the empirical Eq. (3.4), Pitter, et al.'s empirical equation, the 
theoretical expression o f Breach [Eq. (1.21)], and experimental results for which 
Re>33qO-̂ .̂ The open circles are data which were obtained using heavy disks in the 
fluid o f nominal viscosity 100 cm^/s and are listed in Appendix E.
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Figure 3.5
A plot similar to Fig. 3.4 but emphasizing the region near the origin. The open circles 
represent the zero ^ lim it o f the data for constant Re.
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Figure 3.6
A plot o f the data for which Re<33^ ' . The symbols are identified in Table 3.2. The 
straight lines are linear least-squares fits to the data which are forced to pass through the 
Shail and Norton value at Re=0.
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Figure 3.7
Slope o f the lines o f K -K sn versus ^  for the data for which Re<33^°'̂ ^. The fiUed-in 
circles are values obtained from the data shown in Fig. 3.6. The open circles are values 
obtained from straight lines that begin at the Shail and Norton point at Re=0 and are 
tangent to the curve given by Eq. (3.4).
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values Kg^, as shown in Fig. 3.1. As Re increases, K  increases linearly (with slope S) 
until Re reaches the value 33^°'̂ ^. A t that point, the line is tangent to the curve given 
by Eq. (3.4). I f  this picture is correct, it allows us to construct, for any value o f a 
straight line that begins at Kg^ and is tangent to the curve representing Eq. (3.4). The
slopes o f such lines are given by the open circles in Fig. 3.7. These slopes and the 
experimental values o f S are consistent with the empirical equation
8 = 0 .1 2 9 -0 .2 0 8 ^  (3.6)
Another way o f showing this result is to plot (K-Kg^)/S versus Re with Kg,̂  given by 
Eq. (1.28), and S given by Eq. (3.6). This is shown in Fig. 3.8. There is good 
agreement with the experimental results except for the two points for which Re>5. 
Therefore, it may be necessary to lim it the results for Re<33^°'̂ ^ to the range Re<5.
We now have empirical results, [Eqs. (3.4), (3.5), (3.6)] that can be used in 
conjunction with the semi-empirical representation o f the Shail and Norton results [Eq. 
(1.28)] to calculate the dimensionless drag for a disk with both inertial and boundary 
effects included. Values calculated in this manner for 0 ^e < 5  and 0<^<0.13 are 
presented in Table 3.3, which is similar to the table given by Sutterby^^ for the 
dimensionless drag on a sphere with both inertial and boundary effects present.
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Figure 3.8
A plot of the data from Fig. 3.6 showing the validity o f Eq. (3.5) with the slopes taken 
from Eq. (3.6). The straight line is a line at 45° to the coordinate axes. The 
experimental values for Re>5 lie above the line.
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Table 3.3
Dimensionless drag K-1 calculated from Eqs. (1.28), (3.4), (3.5), and (3.6).
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Re V
000 001 002 003 004 0 05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13
0.0 0.0000 0.0182 0.0370 0.0566 0.0769 0.0979 0.1197 0.1424 0.1659 0.1904 02158 0.2422 0.2697 02982
OJ 0.0258 0.0398 0.0569 0.0752 0.0944 0.1144 0.1353 0.1572 0.1799 0.2037 02284 0.2542 0.2811 02090
0.4 0.0510 0.0615 0.0768 0.0938 0.1119 0.1309 0.1509 0.1720 0.1940 0.2170 02411 02662 0.2925 02198
0.6 0.0757 0.0831 0.0968 0.1124 0.1293 0.1474 0.1665 0.1868 02080 02304 02537 0.2782 02039 02306
0.8 0.0999 0.1048 0.1167 0.1310 0.1468 0.1639 0.1821 02016 02220 02437 02664 0.2902 0.3153 02414
1.0 0.1235 0.1264 0.1366 0.1496 0.1643 0.1804 0.1978 0.2164 02361 02570 02790 02022 02266 02522
IJ 0.1806 0.1805 0.1864 0.1961 02080 02216 0.2368 02534 02712 02903 02106 0.3322 02551 02792
2.0 02348 0.2348 02362 0.2425 0.2517 02629 02758 02903 02062 02236 02422 0.3622 0.3836 0.4062
2.5 0.2865 02865 02865 02890 02954 02041 02148 02273 02413 0.3569 02739 0.3922 0.4121 0.4332
3.0 02356 0.3356 02356 02355 02391 02454 0.3539 02643 02764 0.3902 0.4055 0.4222 0.4405 0.4602
3J 02826 0.3826 02826 02826 02828 02866 0.3929 0.4013 0.4115 0.4235 0.4371 0.4522 0.4690 0.4872
4.0 0.4274 0.4274 0.4274 0.4274 0.4274 0.4279 0.4319 0.4383 0.4466 0.4568 0.4687 0.4823 0.4975 02142
4.5 0.4702 0.4702 0.4702 0.4702 0.4702 0.4702 0.4709 0.4753 0.4817 0.4901 02003 0.5123 0.5260 02412
5.0 02112 0.5112 0.5112 02112 0.5112 02112 0.5100 0.5122 02167 0.5234 02319 0.5423 0.5544 02682
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Chapter 4
Conclusion and Summary
It is instructive to consider the similarities and differences between our resuits 
for the disk and Sutterby's^^ results for the sphere. In both cases, for the Stokes flow 
region (Re=0), the dimensionless drag K  depends only on the geometrical parameter 
For the disk, this dependence is given by the solution o f Shail and Norton"^ and for the 
sphere it is given by Happel and Brenner.^ For the disk, at a fixed value o f there is a 
value o f Re [given by Eq. (3.3)] beyond which the dimensionless drag depends only on 
Re and not upon For the sphere, no such region is observed, at least not within the 
ranges covered by Sutterby's observations. For Re just above the Stokes flow region, 
the values o f K  for the disk are linear in Re; for the sphere they are not.
The values of a given in Table D .l are for the disk. Similar values for the sphere 
can be obtained by multiplying the disk values by 3tc/8. The sphere values are 
compared with Sutterby's experimental results in Fig. 4.1. It is apparent that there is 
agreement with theory only at the lowest values o f Re and Therefore, the Oseen 
approximation used in Appendix D is more successful for the disk than for the sphere.
In summary, we have made measurements o f the drag on a thin disk moving 
broadside at low Reynolds number ranging from 0.0167 to 6.89. The dimensionless 
distance ^ to a coaxial cylindrical boundary ranges from 0.0189 to 0.112. These 
experimental results are found to agree with recent theoretical work, as presented in 
Appendix D, over the lim ited range expressed in Eq. (3.1). In the lim it Re—>0, the 
experimental results approach the Stokes flow calculations o f Shail and Norton. As Re 
increases, the dimensionless drag K  increases linearly in Re with a slope S given by Eq. 
(3.6). When Re exceeds 33^°'^^, K  is represented by an expression, Eq. (3.4), that is 
independent o f This expression agrees with experimental values and with the 
empirical result o f Pitter, et al. (to within 10%) up to Re=10. It also agrees with the
38
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matched-asymptotic expansion result o f Breach for Re<I. Equations (1.21), (3.4),
(3.5), and (3.6) allow us to construct Table 3.3, which permits comparison o f our results 
for disks with Sutterby's results for spheres.
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Curves similar to Fig. 3.2 but for a sphere rather than for a disk. The experimental 
values (symbol +) are taken from Sutterby. The theoretical curves are taken from Eq. 
(D. 13) but with the values o f a in Table D. 1 multiplied by 3ii/8.
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Appendix A
The raw data given by Squires and Squires has been used to re-calculate the 
other quantities given in their Table I. In some cases the original calculated values are 
incorrect. Table A. 1 gives the corrected values o f Squires and Squires and the 
dimensionless drag K, which Squires and Squires call f(d/D). In the original table, the 
values given for f(d/D) were averages o f the actual values over the range of Re<l. Here 
we present the actual values o f f(d/D). In Figure A .l, the drag is plotted versus ^=d/D. 
For aU o f the Squires and Squires data, D=5.9 cm. In addition to the actual data (small 
dots). Fig. A .l shows the correct results o f Squires and Squires' original method of 
calculating f(d/D) by averaging (+ symbols); also shown are the values obtained by least- 
squares fitting the data at constant ̂  and extrapolating to Re=0 (open circles).
42
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Table A.I.
1  ne corrected resuits of Squires and Squires^^. Vaiues in boid indicate a correction from 










0.4640 5.93 1.1350 0.8822 0.0565 0.0204 750.23 0.7504
0.4640 7.02 1.1350 0.8822 0.0553 0.0199 926.43 0.9070
0.4640 10.77 1.1350 0.8822 0.0721 0.0260 836.72 1.0680
0.4640 12.00 1.1200 0.8822 0.0780 0.0285 796.58 1.1147
0.4640 18.27 1.1200 0.8822 0.1115 0.0408 593.50 1.1872
0.4640 29.40 1.1200 0.8822 0.1753 0.0641 386.38 1.2152
0.6240 5.93 1.1000 0.8822 0.0490 0.0245 997.47 1.2007
0.6240 7.02 1.1000 0.8822 0.0560 0.0280 903.41 1.2428
0.6240 10.77 1.1000 0.8822 0.0815 0.0408 654.84 1.3111
0.6240 12.00 1.1350 0.8822 0.1014 0.0492 471.35 1.1379
0.6240 18.27 1.1350 0.8822 0.1410 0.0684 371.14 1.2459
0.6240 29.40 1.1350 0.8822 0.2210 0.1072 243.11 1.2791
0.9500 5.93 1.1200 0.8822 0.0602 0.0450 661.94 1.4625
0.9500 7.02 1.1200 0.8822 0.0708 0.0529 565.99 1.4709
0.9500 10.77 1.1200 0.8822 0.1115 0.0834 349.87 1.4329
0.9500 12.00 1.1100 0.8822 0.1307 0.0987 283.70 1.3743
0.9500 18.27 1.1100 0.8822 0.1980 0.1495 188.21 1.3812
0.9500 29.40 1.1100 0.8822 0.3150 0.2378 119.66 1.3970
0.4640 5.93 0.1420 0.8550 0.3040 0.8493 27.14 1.1314
0.4640 7.02 0.1420 0.8550 0.3560 0.9946 23.41 1.1430
0.4640 10.77 0.1420 0.8550 0.5240 1.4640 16.59 1.1922
0.4640 12.00 0.1420 0.8550 0.5760 1.6092 15.30 1.2084
0.4640 18.27 0.1420 0.8550 0.8010 2.2378 12.04 1.3230
0.4640 29.40 0.1420 0.8550 1.2000 3.3526 8.64 1.4211
(Table con'd)
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0.6240 5.93 0.1375 0.8550 0.3890 1.5094 16.57 1.2280
0.6240 7.02 0.1375 0.8550 0.4320 1.6762 15.90 1.3081
0.6240 10.77 0.1375 0.8550 0.6140 2.3824 12.08 1.4130
0.6240 12.00 0.1375 0.8550 0.6810 2.6424 10.94 1.4195
0.6240 18.27 0.1375 0.8550 0.9780 3.7948 8.08 1.5049
0.6240 29.40 0.1375 0.8550 1.4100 5.4710 6.25 1.6797
0.9500 5.93 0.1375 0.8550 0.4680 2.7646 11.45 1.5540
0.9500 7.02 0.1375 0.8550 0.5380 3.1781 10.25 1.5992
0.9500 10.77 0.1375 0.8550 0.7860 4.6431 7.37 1.6805
0.9500 12.00 0.1375 0.8550 0.8620 5.0921 6.83 1.7073
0.9500 18.27 0.1375 0.8550 1.1950 7.0592 5.41 1.8751
0.9500 29.40 0.1375 0.8550 1.6970 10.0246 4.32 2.1248
0.4640 5.93 0.0410 0.8270 0.7740 7.2440 4.39 1.5625
0.4640 7.02 0.0410 0.8270 0.8600 8.0489 4.21 1.6635
0.4640 10.77 0.0410 0.8270 1.1400 10.6695 3.68 1.9267
0.4640 12.00 0.0410 0.8270 1.2550 11.7458 3.38 1.9500
0.4640 18.27 0.0410 0.8270 1.6620 15.5550 2.94 2.2418
0.4640 29.40 0.0410 0.8270 2.3100 21.6198 2.45 2.5956
0.6240 5.93 0.0410 0.8270 0.8510 10.7111 3.63 1.9111
0.6240 7.02 0.0410 0.8270 0.9680 12.1838 3.32 1.9875
0.6240 10.77 0.0410 0.8270 1.2900 16.2366 2.87 2.2898
0.6240 12.00 0.0410 0.8270 1.4070 17.7093 2.69 2.3391
0.6240 18.27 0.0410 0.8270 1.8030 22.6935 2.49 2.7791
0.6240 29.40 0.0410 0.8270 2.4700 31.0887 2.14 3.2645
0.9500 5.93 0.0380 0.8270 0.9610 19.8687 2.85 2.7799
0.9500 7.02 0.0380 0.8270 1.0340 21.3779 2.91 3.0564
0.9500 10.77 0.0380 0.8270 1.4200 29.3585 2.37 3.4169
0.9500 12.00 0.0380 0.8270 1.5200 31.4260 2.31 3.5567
0.9500 18.27 0.0380 0.8270 1.9900 41.1432 2.05 4.1361
0.9500 29.40 0.0380 0.8270 2.6800 55.4090 1.82 4.9422







0 0. 05 0 . 1 0 .15 0 . 2
d /D
Figure A. 1
A comparison o f the data o f Squires and Squires with the equation o f Shail and Norton. 
The open circles are values obtained by extrapolating to zero Re linear least squares fits of 
the data at constant d/D. The "plus" symbols are the corrected values obtained by 
averaging the data as indicated by Squires and Squires.
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Appendix B
+ 6-8V







The amplifier circuit referenced on page 21.
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The attachment to the travelling microscope which was used to measure beam separation.
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Appendix D
The work contained in this appendix is a theoretical model o f the current problem
29that was derived in its entirity by A. M. J. Davis. It is based on the Oseen 
approximation and is included here with Dr. Davis' permission.
An Oseenlet is directed parallel to z at the origin, corresponding to a body o f 
diameter d «  D falling in the z direction. Choose the length scale o f the outer 
coordinates to be d/Re. Then the outer coordinate r=(Re/2)(D/d)=(3 at the wall, where (3 is 
not small [|3 = 0(1) or larger]. The stream function in an unbounded fluid is given by
K
1 --
— [z + V r + z - ]  
1 —e ^
where the constant is 8/(3%) times that used by Van Dyke""" because our attention is 
directed towards the disk instead o f the sphere. Near the origin (D .l) reduces to:
(D .l)
-36,




where the first term corresponds to a Stokeslet, the second term to the reflected velocity, 
and the third term is an odd function o f z. To apply the conditions 'F=0=9Y/9r at r=P to 






1 —e 2̂  J (D.3)
-  r + z
— ẑ+Vr̂ +z
48
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7C 3z ' ' ÎCV 9zJ ' '
| s ‘̂ K o(jk jr)dk + -p- i  + — j^ c |e *^ K o |rv k ^  — ik jdk ,
where Re indicates taking ±e real part, and the integral representations are given by
37Gradshteyn and Ryzhik. This gives
Jkz
I  ^  -|klrKi(|k|r) + n/k2-ikKi(rVk2-ik) dk. (D.4)
The streamfunction in the cylindrical tube is now Y  = -  Y,., where
L_i + —  L_i'Pj. = 0 , and Tg = at r=[3. An appropriate solution o f
 ̂ oz J or or
the fourth order differential equation involving the Stokes operator L_i is
4 r^ikz 
7C ' ■





which is regular at r=0 and such that, near the origin:
'P ,= ± jA ( k ) d k ( ic ^ ]  + 0 (r"), (D.6)
i.e., the reflected velocity due to -Y g  is — ^  J A(k)dk = — %-Re^ A(k)dk, since A(-k)
must be A (k) for Y,. to be real-valued. The boundary conditions yield
A ( k ) l i^ + B ( k )
Vk^-ik |k|
^ [H k |K i (|kP) + V k - - ik K i (p V k ^ -ik )
(D.7)
A(k)Io(lk|P)-HB(k)|lo(pVk"-ik)-Io(|kP)
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From Eqs. (D.7) and (D.8), we eliminate B(k) and use the Wronskian 
Io(x)K i (x) + Ij ( x ) K q ( x ) = — o f the modified Bessel functions to obtain
A (k) (D.9)
I
ik H k |K ,{|k p )Io (p V k ^ -ik )-V lc ^ -ik K ,(p V k ^ -ik ) lij( |k |p ) -
Ii(p V k ^ - ik )  f k ^ - ik l I ------ \ 2




Vk^ -  ik  IN









[q̂ pVk̂  -ikj Io(|k|P)
Thus
A(k) = (I + ik)












   Ii(p V k ^ - ik )
,(|k|p)
An equation equivalent to (D.6) and (D. 10) can be found on p. 39 o f Faxén's doctoral
38dissertation. The second term on the right side does not contribute to the integral o f 
A(k). The total reflected velocity for a disk is





36Further, conversion to inner coordinates produces the factor
(diskradius)/(’outer’ length scaIe)=Re/2. Hence (D .ll)  yields the dimensionless drag
-1-1
8K = I-f^ R e |A (k )d k (D.12)
in which the integral depends only on P=Re/(2^). In the numerical evaluation o f (D.12) 
care is required with the integrand A(k) near k=0. Equation (D.8) can be written in the 
form o f
K  = [ l-a R e ] -1 (D.13)
where a  is found by numerical integration. Table D .l displays calculated values o f a  for 
selected values of 2P=Re/^ that are 0(1) or larger, as required by the above theory.
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Table D.l
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Appendix E
The following tables give all o f the raw data taken during the course o f this experiment. 
The first table contains the data for beveled edged disks. The second table contains data 
for square edged disks. The square disk data was taken, but not analyzed in this paper.
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Disk# Drop# d thickness mass D d/D P V V K Re
BN TÔ “ r ô i4 9 F 0.05093 0:34029” 13:391 ” ”0.07579T2' 0.966683 1.02588 0.831205 ” 22:5687' 0.822329
CK 1 1.016 0.24477 1.7625 13.391 0.0758719 0.965821 1.00428 3.99232 48.878 4.0389
CK 2 1.016 0.24477 1.7625 13.391 0.0758719 0.965821 1.00428 3.994 48.8575 4.04059
CK 3 1.016 0.24477 1.7625 13.391 0.0758719 0.965782 1.0033 3.99526 48.8923 4.04584
CK 4 1.016 0.24477 1.7625 13.391 0.0758719 0.965199 0.988658 4.06868 48.754 4.1812
CK 5 1.016 0.24477 1.7625 13.391 0.0758719 0.96493 0.98192 4.08478 48.9103 4.22655
CN 1 1.01454 0.026686 0.18152 13.391 0.0757628 0.968874 1.08062 0.428998 43.1502 0.402764
CN 2 1.01454 0.026686 0.18152 13.391 0.0757628 0.968317 1.06673 0.433305 43.306 0.412106
CN 3 1.01454 0.026686 0.18152 13.391 0.0757628 0.968317 1.06673 0.433507 43.2858 0.412299
CN 4 1.01454 0.026686 0.18152 13.391 0.0757628 0.967769 1.05304 0.43966 43.2625 0.423586
CN 5 1.01454 0.026686 0.18152 13.391 0.0757628 0.967436 1.04472 0.442159 43.3775 0.429387
CN 6 1.01454 0.026686 0.18152 13.391 0.0757628 0.967436 1.04472 0.443711 43.2258 0.430894
CN 7 1.01454 0.026686 0.18152 13.391 0.0757628 0.967436 1.04472 0.441599 43.4325 0.428843
CN 8 1.01454 0.026686 0.18152 13.391 0.0757628 0.967065 1.03545 0.445833 43.4239 0.43683
CN 9 1.01454 0.026686 0.18152 13.391 0.0757628 0.966683 1.02588 0.451671 43.282 0.44668
CN 10 1.01454 0.026686 0.18152 13.391 0.0757628 0.966683 1.02588 0.451612 43,2877 0.^146622
AK 1 1.01835 0.25458 0.560325 23.6 0.0431504 0.964514 0.971453 1.01352 45.6136 1.06245
AK 2 1.01835 0.25458 0.560325 , 23.6 0.0431504 0.964514 0.971453 1.01198 45.6833 1.06083
AK 3 1.01835 0.25458 0.560325 23.6 0.0431504 0.964514 0.971453 1.01382 45.6004 1.06276
AK 4 1.01835 0.25458 0.560325 23.6 0.0431504 0.964439 0.969566 1.01788 45.5123 1.0691
AK 5 1.01835 0.25458 0.560325 23.6 0.0431504 0.964141 0.962065 1.02777 45.4474 1.0879
AK 6 1.01835 0.25458 0.560325 23.6 0.0431504 0.963994 0.958345 1.0318 45,4567 1.0964
AN 1 1.01914 0.06626 0.144975 23.6 0.0431839 0.964665 0.975242 0.283641 41.7894 0.296408
AN 2 1.01914 0.06626 0.144975 23.6 0.0431839 0.964665 0.975242 0.284427 41.6739 0.29723
AN 3 1.01914 0.06626 0.144975 23.6 0.0431839 0.964514 0.971453 0.28599 41.618 0.300029
AN 4 1.01914 0.06626 0.144975 23.6 0.0431839 0.964514 0.971453 0.286489 41.5454 0.300553
AN 5 1.01914 0.06626 0.144975 23.6 0.0431839 0.964327 0.966744 0.287064 41.6769 0.302622
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